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Abstract

A random process that includes jumps will in general have a quadratic
variation that itself forms a non-trivial random process. One might be
interested in moments of the quadratic variation process, for example in
order to characterize it or in order to approximate it with a known process.
The paper proposes a combinatoric approach to express higher moments
of the quadratic variation process in terms of higher order variations of
the original process and higher order autocovariations of the variations of
the original process. These have lent themselves to direct calculation by
Laplace transforms in the examples that gave rise to this work.

Suppose 1 and x5 are random variables and we want to calculate E [(ml + $2)2:| .
One way to proceed might be
E [(ml + l‘2)2j| = E[(2]+23)] + 2E [z122]
= (B[21] + B [a3]) + 29 (B [21] E [2])
[

where p, defined as satisfying E [x122] = pE [21]E [22], can be called a covaria-
tion coefficient and

B+ B’ (Bl +Eloa)’)

E [(m + $2)2] = (B [27] + B [23])+2p 9 N 2

The purpose of this paper is to state and prove Theorem 1 below which gener-
alizes this simple example to an arbitrary (possibly random) number of terms
T1 + o2 + ... + s and beyond 2 to an arbitrary moment E[(x1 + 22 + ...)"].
The problem arose in work where {z;} were squared increments of a randomly
stopped jump process and each term on the right was summable. The theo-
rem will apply, however, to increments of discrete random processes generally,
so long as they satisfy the assumptions of the theorem to allow an application
of Fubini’s theorem when needed and to require covariation coefficients of all
orders among the {z;} to satisfy a global uniformity condition.



Theorem 1 If either 1 or 2:

1. xz; > 0 almost always for all j, or

Z” 2 2 ! !

E ’le,l e leﬂd ij,l o« .. ij,iz o« e le,l oo :I:jl,il . ’ < oo’

for all sets of indexed non-negative integers {il : E I = n} where, for
1

II
each such {4}, Z is taken over all indexed sets of permutations of sets

of non-negative integers {{jl,i 1< < il}l} in which no two integers j; ;,
Ji,i are equal,

and if all covariation coefficients of all orders among the {z;} are global,
not depending upon the specific subscripts j and j’ for any two distinct
x; and x;, as specified in the statement of Lemma 7 below

then

n

E Zfﬂj =
J

Jm
im — 1 |!
I pl v 1 Zil,mﬂ <Xl:”vm ) .
=X mp{il}z lr_n[‘ﬁ (-1) I_WZJ: (HE[%] >
! !

1 . . . . . .
where Z is taken over all sets of indexed non-negative integers 1 i; : Zl S =N,
1

for each such {i;} the covariation coefficient py; , is as defined in Lemma 7 below

v
and for each such {i;} the Z is taken over all sets of indexed non-negative

integers  Jm,%,m : ij “i.m = 1 for all l}.
Proof. The proof will be assembled as a series of Lemmata and Remarks. m

Remark 2 If {z;} constitute squared increments of a discrete random process,
for example of a randomly stopped jump process, then they satisfy hypothesis 1
of Theorem 1. If {z;} constitute increments of a stopped discrete stochastic
process and if {x;} have finite absolute moments of all orders then they satisfy
hypothesis 2 of Theorem 1 since in that case there will be only a finite number
of ;.



n

Remark 3 FEverything in the expression for E ij in Theorem 1 is
J

combinatoric with the exception of all of the pg;y and Z (HE [xé]il’m>,
j l
which carry the probabilistic content. In the applications from which this work

arose, these probabilistic expressions are, respectively, directly calculable and
directly summable for each {i;} and {i;m} in the combinatorics.

Lemma 4 (Multinomial Theorem - slightly restated)

11

n
Sa| =3 nt S gt ad et el
j = i J1,1 J1,i1 72,1 J2,i9 Ji1 Ji,iy
: HZ[.Z!“
J
l

I . . . . . .
where Z is taken over all sets of indexed non-negative integers { i : Zl Sy =mn
1

IT
and, for each such set {i;}, Z 1s taken over all indexed sets of permutations

of sets of non-negative integers {{jl,i 1< < il}l} i which no two integers
Juis g are equal. (Compared to the usual statement of the multinomial the-
orem, here we treat each permutation of each {ji;:1 <14 <4}, as creating a

1
distinct monomial in Z .)

I T
Proof. The monomials defined in Z and Z include all (and only) the

n
monomials that can occur in the expansion of E z; | . Given such a mono-
J
mial zj, Tjy 0 T, T3, . T, Thy o without regard to the
ordering among the :ré», L xé», . for each [, how many times does it occur in
L iy

n

the expansion of Z:cj ? Any z;, can be chosen from any one of the n
J

n
factors E xj | of E z; | , but no two z;, , in the same monomial can be
J J
n
chosen from the same factor E xj | of E x; | . So each such occurence
J J
of the monomial in the expansion of Z x; is an assignment for all [ of a

J



n

unique [-element subset of the n factors in ij to each particular xljl .
J

in the monomial. Those are the factors which contribute that particular mzu

to the monomial. The expression —=2— for "n-choose ...,1,1, ...,1,..." where [

Il
l

runs over all positive integers and each [ occurs i; times is the correct count-
ing of the number of ways to make such an assignment without regard to the
ordering among the xé-m . xé-lyil for each [. However, for each [, there are ;!
distinct permutations of each {j;; : 1 <14 <4}, so dividing by each 7;! gives the

correct count when each permutation is treated as creating a distinct monomial
I

in Z .

Remark 5 The coefficient —— in Lemma 4 is the same as appears in Fad

Hil!l!il

l
di Bruno’s formula for the chain rule for higher derivatives, and comes from
the same combinatorics.

Lemma 6 If either 1 or 2

1. z; > 0 almost always for all j, or

2. i [Z

for all sets of indexed non-negative integers {il : Zl = n} where, for
l

I 2 2 ! 1

Ljrg " Thrag LTy q o 'ij.ig B TR '$jz,il ’ ‘:l < 00,

I
each such {4}, Z is taken over all indexed sets of permutations of sets

of non-negative integers {{jl,i 1< < il}l} in which no two integers j; ;,
Ju i are equal,

then

= ZI I—IZ'W ZH p{jz,i}E [Ijl,l] -8 [le,z‘l} B |:$?2,1:| -8 [x3212:| B [ziu} B [m
l

where for each {{jl,i 1< < il}l}, in which no two integers ji ;, ji i are equal,
Py is the covariation coefficient defined by

2 2 l l
E{x‘jl.ll..m‘jl’llx . ...x D ...}

J2.1 .xj2,z‘2 Ji1 mjl,il

P B [zj,,] - E [‘le,il] E [I?QJ . E {xiz} . E [gjém} K [Igll} -



Proof. Taking E on both sides of Lemma 4, either hypothesis 1 or hypothesis
2 of Lemma 6 allows us to move E inside the summation by Fubini’s theorem.

I
For hypothesis 2 this requires the observation that Z is a finite sum. =

Lemma 7 If for each {3;} in Z in Lemma 6 the pg;, .y in Z are all equal,
that is if all covariation coefficients of all orders among the {x;} are global, not
depending upon the specific subscripts j and j' for any two distinct x; and x;,
then

n

E ij =
J
-y Hnl'wp{} S B[y, ] - Blas,, B (22, ]-B [, ]-B[,] B[, ] -
l

iy

:ZIHZ!W'O{“} 1:[ PRI EEDS

111

II
where pyg;y = the common value of the Pijgy Z as defined in Lemma 6

Qi

117
and Z represents the sum of all monomial terms in H ZE [scé] ,

l J
2]
with the same coefficients as in H ZE [xé] , that contain two or more
l J
matching subscripts, i.e. that contain factors E [mé] E {xé—l,} with j = 7.

1
Proof. Factor py;y = pyj, 3 out of Z in Lemma 6. Then note that the

IT
monomials in E are identical with the monomials in the complete expansion

]
of H ZE [mlj] that contain no matching subscripts, i.e. that contain no
l J

factors B [2}] B [a!) | with j = j'. m

]

117
can be built up using expressions similar to H ZE [mé] but

> iy

containing monomials with groups of, first, two or more matching subscripts,



then with groups of three or more matching subscripts, etc and finally Zil

l
matching subscripts (there cannot be any more than that matching because

Zl'ilzn.)
l

These expressions containing monomials with groups of matching subscripts
j"’L

ags i
that go into Z will take the form H Z (H E [mé] ””") where double-
m J l
indexed sets of non-negative integer exponents {i; ., } define groups of matching

il,m,

subscripts j in sub-monomials HE [mé] within the monomials of

_ !

Jm
H Z <HE [xé]”’m) . Sets of non-negative integer outside exponents
m 7 l
{jm} serve to allow us to require the sets of inside exponents {i;,,} to be
unique.

For each combined set of exponents {4, %, } we require that Z Jm tm =10

117
for each [ in order to make sure that we are generating monomials in Z that
iy
correspond to monomials in H Z E [a:é] . With one exception there will
l J

I
be such monomials in Z for each unique set of exponents {j,, i1,m } meeting

the requirement ij -4;.m = 1 for each [.

m
The exception is the unique set of such exponents with j; =4, and 7;; =1
for all [, and all other 4;,, = 0. In this case,

Jm i

11 Z(HE[@“?V’M> =H ;E[xé] itself.

m J

This contains some monomials where no two subscripts match, hence which are
117
not contained in E .

Lemma 8 If we maintain the convention that each permutation of {j;; : 1 <i <
for each l, where no two integers ji ;, ji« are equal, denotes a distinct mono-

mial B [e;,,] B a5, B[22, ] B a2, |- E{xg] B o, ] then

2]

the coefficient of that monomial in H ZE [zé] will be 1.
l J

i},



Proof. There are exactly Hil! such permutations and exactly that many
l
i
distinct monomials in H Z]E [zé] meeting the convention. m
l J

Lemma 9 For each m, the number of subscripts matched to some other sub-

script in each monomial ofz (HE [wé]iz.m> is

i l

(;il,m—1>++l/\ (;i17m—1>+

and there are j,, groups of such matching subscripts in each monomial of
j’VTL

(1)

J

Proof. For each m, if Z i1,m = 0 or 1 it doesn’t create a match. If Z im > 1
l 1
it creates Zil»m matched subscripts in the sub-monomial HE [xﬂ”"". For

1 1
each m there are j,, such groups of matched subscripts in each monomial of
Jm

Z(mer)] -

Remark 10 There will be larger groups of matching subscripts than the mini-
Jm

mum set by Lemma 9 in some monomials of H Z <H]E [%é]“m> "by
1

m 7

accident” in multiplying across the separate Z (HE [xg-]i“"> factors.
j 1
]

For the monomials of H ZE [xé] the minimum set by Lemma 9 s 0,
l J

which is consistent with Lemma 8.

Remark 11 Since the set of monomials involving groups of three or more

matching subscripts forms a proper subset of the set of monomials involving
IT1
groups of two or more matching subscripts, and so on, as we build up

with terms to eliminate monomials with groups of, say, k matching subscripts



we will have to adjust systematically for the presence of monomials with groups

11T
of k matching subscripts that we already put into Z "by accident” while

putting in terms to eliminate monomials with groups of k' matching subscripts
for each 2 < k' < k.

We now will derive a coefficient to put on each term H Z (H E [xé] il"")
m 7 l
. . . III . . . .
in order to achieve in Z an exact elimination of all and only all monomials

i

in H Z E [xé] that have any matching subscripts. This will require two
l J

separate analyses: first, a count of the number of times each pattern of matched
i

subscripts occurs in H ZE 4] and, second, an adjustment factor to
l J
associate with each such occurrence to account for all of the "by accident" oc-
currences generated by the elimination process itself as described in Remark
11. We can start, however, with the simplest term, one that requires no such
adjustment factor.
1

Remark 12 By Lemma 8 if we put the coefficient 1 on the term H Z E [xé]

l J
then we can rewrite the conclusion of Lemma 7 to read

! 1 n! v
E . — — .
Zj " 2 Hil!unp{”}{z }
l

o I v
where for each {i;} in Z we let Z represent a sum of terms of the
Jm

form H Z < E [xé]“m> with a coefficient on each term chosen so
m 7 l

I
that across Z all occurences of monomials with any matching subscripts are
eliminated, leaving only

ZIV — ZHE [%11] ... [lel] E [xiu} ... {xiz} . {Iin} . [zill}

with monomials having no matching subscripts and with separate monomials for

each permutation of the the subscripts within each set {E [xél l} 1< < il}.



Lemma 13 For each set of indexed non-negative integers {il : Zl S = n}
1

and each set of indexed non-negative integers < jm, i, m : ij i =1y for alll
m

the monomial ‘
gm

INNICIEN

m k=1 1

with no two subscripts jm i, jm’ .k €qual occurs
1l

1 17
[Tdm! 1:[ [Tiemtim
m m

i

times in H Z]E [l‘é] , treating each permutation of the subscripts for a
l J

given m as a separate monomial. Taken over all such {jp,, 4 m } this will exhaust
i
all the monomials in H ZE [mﬂ with each permutation of subscripts for
; -

J
each | treated as a separate monomial.

Proof. In similar fashion to the proof of Lemma 4 if we were to treat permuta-
tions of the subscripts as yielding the same monomial then the proper count for
each [, for each given j,, r, would be "i;-choose ..., %, ..., %, m, ..." Where each
i1,m occurs jp, times. That gives a count of

N

H i 1

m
i
occurences in each Z E [mé] . But this needs to be taken independently

J
over all [ making the count equal to

; Hil 19
m

occurences. But we want to treat permutations of the subscripts for a given
jm, il,m

m as yielding different monomials. For a given m, each H H]E [zémk}
k=1 1

has the same subscript in all of its factors for each given k. The only room

n

b



for permutation of subscripts is by permuting {j, x} over k for each fixed m.
There are j,,! such permutations for each m since k£ runs from 1 to j,,. So
dividing by j,,,! for each m gives the correct count

i!

1
H]m' ];[ H Z‘l,rn!jm
m

m

for the number of occurences of the original monomial

[Iimel.]"

m k=1 1
i
This exhausts all the monomials in H Z E [mé] because for each m sepa-
l J
rately we have included all permutations of the {j,, 1}, which certainly includes
all permutations of the subscripts for each [. =

Remark 14 Lemma 13 tells us how many times the term
Jm

v
would have to occur in Z in Remark 12 to eliminate matching subscripts in

2]

H ZE [a:é] , if only we could ignore "by accident” terms as described in
l J

Remark 11

It remains, finally, to determine a factor, other than —1 perhaps, to put on
each such occurrence of each term

1| (M=l )

m 7

j’!n

v
in Z to adjust for the "by accident" terms as described in Remark 11 so
that each occurrence of each monomial within any of the

| (M= )

m J

j’ﬂl

v
that contains any matching subscripts is exactly eliminated within Z in

Remark 12. To do so requires yet more notation.

10



Notation 15 Let the set of non-negative integers { f} indexed by k > 2 repre-
sent any monomial which for each k > 2 has exactly fi groups of k subscripts
matching each other. To be clear, within each such group of k the subscripts
match each other, but they do not match any other subscripts in the monomial,
not even the subscripts in the other groups of k subscripts if fi happens to be
bigger than 1.

Example 16 Using Lemma 9, for the monomial in Lemma 18 for each k > 2,
v \%
fr= Z Jm where Z runs over all m such that Zil’m =k.
1

Lemma 17 In a sum over successive monomials with groups of increasing num-
bers of matching subscripts to eliminate all matching subscripts, as described in
Remark 11, a monomial whose subscript matching is represented by { f.} should
be given an adjustment factor

TT [0 - 1)

k
Proof. Proceed by induction on Z f& - (k—1) to show both that the adjust-
k

ment factor for a monomial represented by {f} must be

Factor ({fx}) = H [(—1)(1671) (k — 1)!] d Equation (1)
k
and that

fr

H - ZVI . k! _ H (_1)“(1—1) (1 - 1)!¢L -0
k <kzl.il>!nil!zw :
1=2 1=2

Equation (2)

VI
where for each k the Z is taken over all sets of non-negative integers indexed

by I > 2
k
{il:2§21~il§k}.
=2

For Z fe-(k—1) =1, fo = 1 must be the only non-zero fi so the required
k

adjustment factor is —1 because there is exactly fo = 1 match that requires
elimination and there are no "by accident" occurrences of that match stemming
from eliminating monomials with fewer matches (there are no fewer matches
than this.)

11



But in this case

I1 [(*WH) (k— 1)!} "= [(*1)1 1!}1 =-1

k

VI
and Z is over the single element 75 = 1 so

fr

H 1+sz . k! . H u(l 1) 1)!iz - (1+(—1)1 1!)1 =0
k (k—Zl~il>!Hiz!“” :
1=2 1=2

verifying Equations (1) and (2) when Z fr-(k=1)

Now assume by induction that Equatlons (1) and ( ) are correct for all {fi}
with z f& - (k— 1) smaller than the current Z fe - (k=1).

Then Factor({fx}) for the current {f;} in the successive elimination of all
matches must be a sum containing four terms:

First, — 1 to eliminate the original copy of {fx} itself

fr

Second, — H 14 ZVI . k! . H u(l 1) 1)!“
k <k21~il>!Hil!l!” !
=2 =2

to eliminate copies of {f;} introduced "by accident" (as explained in

Remark 11) at earlier stages, with Z fi - (k—1) smaller than the
k

current value of Z fr - (k—=1). Each term in an additive expansion of
k

H (N)f * represents a matching pattern in a monomial at such an earlier stage
k
whose elimination contributes copies of {fi} "by accident". The coefficients

count the number of times each such monomial occurred in the earlier stages.

k
For each block of k the count for each {il : Zl g < k} is "k-choose
1=2

ooy ly ooy 1y .. with each [ occurring 4; times" divided by Hil! permutations
1

12



because we treat each permutation of subscripts as a distinct monomial.

By induction, the H (71)1,(171) (I —1)!" are the factors for each occurrence of

each such earlier matching pattern, hence also the number of copies of {f}

introduced "by accident" for each such occurence.

Third, + 1 because H 1'% should not have been subtracted. Each 1 is
k

just a place-holder allowing H (~)"* to select all matching patterns at earlier
k
stages that introduced copies of {fr} "by accident."

fr v\
Fourth, + H {(—1)(1671) (k— 1)!} * because H <the ir = 1 term in Z )
k k

should not have been subtracted. It describes the same matching pattern

as {fr}, not some earlier stage.

Putting these four terms together, noting that the first and third cancel each
other,

Factor ({f1}) = [ [(—1)““*1) (k — 1)!} I
k
f

VI k! )i )
- H 1+ Z k k H ey -
b (k—Zl-il>!Hil!l!“ :
1=2 1=2
Equation (3)
There now are two cases: (1) ka > 1or (2) ka =1.
k

k
Case (1): If Z fr > 1 then for each k
k

- ZW . k! . H Ll(l 1) —ti | =0
(k: > z'l)!Hil!l!“ !
=2 =2

by induction since each represents Equation (2) for a set {i;} with
Zzl (-1 < ka —1). This establishes Equation (2) for {fi} which

in turn by Equatlon (3) establishes Equation (1) for {f:}.

13



Case (2): If Z fr =1 then let k be the lone index for which f; = 1, all the
k

others being = 0. Then Equation (3) becomes

Factor ({fx}) =

VII k! i (l— ;
=1+ — — [T @1y
<k:— Zl-il>! | R
=2 =2

VII
where Z is taken over all sets of non-negative integers indexed by [ > 2
k—1
{z’l:QSZl-ilgk}.
1=2

VI
Note the difference to Z where the indices [ run up to k, not k—1, because the

. . VIl k s
ir = 1 term is cancelled for Z by the (—1)" (k — 1)! term at the beginning
of Equation (3).

For each such set {i;} use a partition of unity

to write

Factor ({fi}) =

VII Kl

1+ Z k—1 k1 :
(k—z m) | H L
1=2

=2

k—1 k—1
(; (k -S> m- im> +1> m- im> [Tt @ — 1y
m=2 m=2

l

VIII E—1)! i .
= —[1+) k(_l ) — [T =Y @ — 1y
<k:— 1—21-@)!]‘[1@!1!“
=2 =2
k—1
m VII k! i(1-1) i
—mZ:Q k =) [T Y @ =y

o im
k—1
- <k21~il>!nil!l!il
1=2 1=2

14



I
where the Z in the first term is taken over all sets of non-negative integers
indexed by [ > 2

k—1
{z’l:2§Zl-il§k—l}

1=2
k-1
because when Z m - i, = k the partition of unity becomes 0 + 1, and where
m=2
the changed order of summation in the second term is justified by the fact that
tm = 0 precisely when it would otherwise be illegitimate.
Now

VIII E—1) i i
1+ k(_l ) — [Ty a—i | =0
(k:—l—Zl-z’l>!Hz’l!l!il
=2 =2

by induction because it is just Equation (2) for the case fr_1 = 1, all other = 0.
That leaves

Factor ({fx}) =

1

k—
= — Z % ZVH im — k! — H (_1)%‘1(1*1) (1 —1)1%
" (k -y i il>! | LA
=2 =2
1

k- 1)l -
=2 (m—(l)!(k)—m)' O m =1t

k—
m=2 :

X k—m' i (l— i
14y e — T -
(k—m— Zl-il>! IT it
=2 =2

IX
where for each m the Z is taken over all sets of non-negative integers

k—m
{z’l:QS Zz.ilgk—m},

=2

VII
)

VII

where we have factored out #Lm), (=1)"™"" (m — 1)! from each term of

lowered the corresponding i, by 1, fortunately the i,, in each term of Z
has the effect of dividing the corresponding i,,! in the denominator down to

15



(im — 1)! which is just what’s needed in lowering the 4., by 1, the upper limit
) IX ] VII o
of the index sums for Z are reduced from £ in Z to k —m as i,, is

lowered by 1, [ can run up to no more than k—m because anything higher would

violate the £ — m upper limit on the index sum, and the 1 term picks up the
k—m

VII
only ix_1 = 1 term from Z so that 2 < Z [ -1 <k —m in the definition
1=2
IX
of Z makes sense in all cases.
Now, for2<m <k —2

X (k —m)! ir(i— i
1 + Z k—m k—m H (_]‘) =0 (l - 1)' ! =0
(k—m— Zl-z’l)! I it
1=2 1=2
by induction since it is just Equation (2) for the case fy_,, = 1, all other = 0,
so finally only the m = k — 1 term remains
=1 s
Fact = - ()R (- 2)!
actor ({fi) gt (D (e =2)
= ()" k-1

which establishes Equation (1) in Case (2). By Equation (3), this establishes
Equation (2) for Case (2) and the induction for Lemma 17 is complete. m

The proof of Theorem 1 is now complete, combining Lemma 6, Lemma 7,
Remark 12, Lemma 13, Remark 14, Lemma 9 (see Example 16) and Lemma 17.

Note that H 7;! factors in numerator and denominator cancel out when Lemma

1
13 is combined with Remark 12 or Lemma 7, so that an exponent of j,, can be
pulled out of everything except the j,,!.

Example 18 What does Theorem 1 tell us to do in the original case n = 27
Use a tabular format

= 1 0 il,m = [ 1 0 1 1 ] ‘
0 2 [0 2 1 1 | and read off the terms from

[0 1 2 1
the groupings on the right, using both the left and the right for coefficients in
Theorem 1 as needed. The result as expected is

2

1 1
E Z Zj = ZE [lﬂ +2p40,2y 3 ZE [%‘]2 + B Z E [z]
J J J J

16

2



Example 19 What about n = 37

1= 3 2 1 3 2 1 jn m
4= 1 0 0 dpm= [ 1 0 0 1 1 ]
0 1 1 [ 0 1 1 1 1 ]
[ 0 1 0 1 1]
| 0 0 1 1 2 |  already muchmore
0 0 3 [ 0 0 3 1 1 ]
[ 0 0 2 1 1 ]
| 0 0 1 1 2 |
[ 0 0 1 3 1 ]
complex with six groupings of 4;,,,. The resulting six term expression is

fe]

+6040,0,3}

where

E [a:?a:k] = proa1}E [z?] E [zy] for all j # k
P{0,0,3}E [ E [z;]E[z)] for alli#j#k

E[zizzk]

With care, this result can be verified by algebraic calculations independent
of the tabular display.

17



Example 20 For n = 4 the combinatorics jump to fourteen groupings of i;m,

i

|

2
J

and fourteen terms in the expression for {(

=

Jm

1

4 3 2

4 3 2

1=

e e L B e e e I L e B e B R}

—

1 =

— — O

i

— — N — A

0 0

o

0 0 4

—

jen)

o

0 0 0 2
0 0 0 2

i

1

18



- (ze
+4010,1,0,1} *ZE[fU?]E[M + ZE[ZF?] ZE[%]

1
6000020y | | —5 2 B3] ] +5 | B[]
J

+12p10,0,1,2

+ E [22] —%ZE[%]Q + ZE[m?] 1 ZE[:EJ]
(iZE[mJ—r‘ 52 B | D oEl]
+24p0,0,0,4) "‘% _%ZE[%’]Q + _%ZE[%]Z % ZE[%]
j j , j
+a1 ZE[%]

It is quite tedious and difficult to verify this result by algebraic calculations
independent of the tabular display. Clearly it gets out of hand to try to write
n

out the expression for E Z x; as n increases. The logic for the tabular
J
displays for ¢; and 4; ,,, however, can with some care be programmed for general
n

n, so Theorem 1 provides an algorithm to compute E Z x; whenever
J

the py;,, are computable and the Z HE [mé]il’m summable.
il
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